A new design methodology for a model reference adaptive controller (MRAC) is presented, which is applied to a brushed direct current (DC) motor with pendular load, whose exact model is unknown. This controller is designed for the trajectory tracking control problem, and the respective convergence analysis is presented. In order to avoid singularities in the controller equations, projectors are used to delimit the region of possible values of the estimated parameters. A brief description of the experimental platform is given. The results of the real-time implementation are presented confirming the practical viability of the proposed control scheme.
Introduction
The adaptive control is a design technique focused to highperformance applications in control of dynamical systems, in order to deal with parametric uncertainties, characterized by a set of unknown constant parameters. On the other hand, the design of adaptive controllers requires to know the structure of the dynamic model of the system [1] .
An advantage of the adaptive control is, considering that the parameters of the plant changes during operation, the controller compensates the changes in the model parameters achieving better performance. In a non-adaptive system, where the parameters of the plant are considered constants, these changes can compromise the good performance of the overall system. Another advantage of the adaptive control systems is that the knowledge of the plant parameters to design the controller is not necessary [2] .
The direct current (DC) motors are widely used as actuators in robot. Due to its dynamics, DC motors can be described appropriately by a linear dynamic model, which is sensitive to parametric variations, noise interference and parametric uncertainties. Therefore, conventional control schemes can not yield a convenient performance in presence of the aforementioned disturbances [3] . Taking into account these facts, this document addresses an adaptive scheme for the trajectory tracking control of a DC motor.
In [4] , a summary of previous works on trajectory tracking control for manipulator robots is presented, in which the electrical dynamics of the actuators is neglected in the design procedure. In [5] , the idea of considering the electrical dynamics of the actuators as a part of the system dynamic is introduced, and a robust controller for the trajectory tracking is presented. This controller guarantees that the tracking error is ultimately uniformly bounded. In addition, an adaptive controller for a rigid robot is presented in [4] , where the electrical dynamics of the actuators is considered in the controller design. Likewise, in [6] a classic adaptive control scheme that considers the electrical dynamics in the design procedure for a DC motor with pendular load is presented. In [7] , a formal stability analysis is introduced for a voltage based controller designed for manipulator robots, although the problem of parametric uncertainties is not addressed.
On the other hand, in [8] a MRAC scheme is analyzed in presence of unmodeled dynamics, where the analysis showed the existence of robustness and this fact was confirmed by mean of simulations. In [9] , the application of a MRAC scheme for an induction motor is presented, showing to be robust to parametric variations. In [10] , a modified version of a MRAC is presented, which in conjunction with a fuzzy part, a speed controller for a DC motor is proposed, in order to improve the system performance at low speed and variable load conditions. Nevertheless, the proposed controller is validated by means of simulations. Finally, in [11] a MRAC scheme is presented in order to control robot manipulators. However, the electrical dynamics of the actuators is not considered in the controller design.
In accordance with the literature revision aforementioned, the application of the MRAC scheme for the control of robot manipulators has been not extensively studied, in particular if considering the electrical dynamics of the actuators, and parametric uncertainties in the design procedure. The aim of this paper is to present a new control design based on MRAC methodology applied to a DC motor whose load is affected by gravitational forces, i.e., a DC motor with pendular load, resulting in a nonlinear model of the system. This paper is organized as follows: Section 2 is devoted to summarizing the DC motor model and the overall system dynamics. In addition, a brief discussion about the control goal is presented. The proposed reference model is described in Section 3. In Section 4, the error dynamics between the reference model and the actual system model is presented. The equations of the proposed MRAC are obtained in Section 5. In Section 6, a brief description about the used projectors is presented. Experimental results are presented in Section 7. Finally, in Section 8 we offer brief concluding remarks.
DC Motor Dynamic Model and Control Goal
The dynamic model of a brushed DC motor and pendular load is presented as in [12] and is written as
where J is the grouped rotor inertia, f v is the grouped viscous friction, N is the constant of grouped gravitational load, L is the inductance, R is the electric resistance and K B is the back electromotive force, all these positive constants. Furthermore, q,q andq represent position, velocity and acceleration, respectively. Finally, i and v represent current and the input voltage respectively. It is possible to represents (1)- (2) as a linear regression model, which separates the parameters from the states. This representation is especially useful in parametric identification and in the design of adaptive controllers. Then, the mechanical part of the system model described in (1) is rewritten in a linear regression form as
where
being Y m the regression matrix of the mechanical part, and θ m the vector of constant parameters of the mechanical part. Similarly, the electrical part of the system model described in (2) can be represented as
being Y e the regression matrix of the electrical part, and θ e the vector of constant parameters of the electrical part. Let us consider a twice differentiable signal q d (t), which denotes the desired shaft position. Then, the control goal consist in assuring that
This paper introduces a new controller to assure that the limit (9) is satisfied. See Figure 1 for a block diagram of the proposed control scheme. 
Proposed Reference Model
The proposed reference model for the brushed DC motor and pendular load is given bŷ
whereĴ is the estimated grouped rotor inertia,f v is the estimated grouped viscous friction,N is the estimated constant of grouped gravitational load,L is the estimated inductance,R is the estimated electric resistance, andK B is the estimated back electromotive force, all these positive constants. Furthermore,q r andq r represent velocity and acceleration of the reference model respectively. Also, i r and v represent current and the input voltage of the reference model respectively. Finally, u is a control signal to be defined. Notice that v is also the input of the system (1)-(2). It is possible to express the reference dynamic model described in (10)- (11) as a linear regression model as well. Then, the mechanical part of the reference model in (10) is rewritten in a linear regression form as
being Y mr the regression matrix of the mechanical part of the reference model, andθ mr the vector of estimated parameters of the mechanical part of the reference model. Similarly, the electrical part of the reference model described in (11) can be expressed as
being Y er the regression matrix of the electrical part of the reference model, andθ er the vector of estimated parameters of the electrical part of the reference model.
Error Model
The error model of the mechanical part is given by the difference between the mechanical part of the reference model in (12) , and the mechanical part of the real model in (3).
Analogously, the error model of the electrical part is given by the difference between the electrical part of the reference model in (15) , and the electrical part of the real model in (6). The error model is expressed as
The adaptation errors are defined as follows
Solving forθ mr andθ er from (20) and (21) respectively, we haveθ
In order to define the error model in terms of the parameter estimation error, we substitute (22) into (18)
Writing explicitly the first two terms in (24), doing suitable cancellations and defining the position error between the real model and the reference model as
the error model of the mechanical part can be expressed as
It is worth remarking that if the parameter estimation error of the mechanical partθ mr is equal to zero in (26), then the remaining elements describe the error model for a reference model with known parameters. Similarly proceeding, the error model of the electrical part in (19) can be rewritten as
As well as for the mechanical part of the error model, notice that if the parameter estimation error of the electrical part is equal to zero in (27), then the remaining elements describe the error model for a reference model with known parameters. The system (26)-(27) describes the tracking error dynamics between the reference model (10)-(11) and the actual model (1)-(2).
Controller

Controller for the Tracking Between Reference Model and Real Model
We propose the control signal u as
being Y u the regression matrix of the controller,θ u is the vector of parameters of the controller, k 0 and k i are positive constants. Moreover, we define the elements of the controller as followṡ
Defining the parametric adaptation error of the controller asθ
from which is obtained the expression of the vector of estimated parametersθ
Then, by substituting (36) into (28) and expressing the controller in terms of the parameter adaptation error in (35), the control signal is obtained as
Substituting equations (32) and (34) into (26), we obtain the expression of the mechanical part of the error model as
Analogously, by substituting the control signal u in (37) into the the electrical part of the error model in (27), this yields
We have obtained the close-loop equations (38)-(39) which have the meaning that the system (26)-(27) is being controlled by u(t) in (28).
Adaptation Law
We propose the following adaptation laws
where Y mr is defined in (13) , Y er is defined in (16), Y u is defined in (29), and
are defined as the adaptation gains of the mechanical part, electrical part and controller, respectively. Finally,
are signals selected according the requirements of the stability analysis, being α a positive constant small enough.
Convergence Analysis
We propose the following energy function
It is possible to prove that for α small enough, V in (49) is a positive definite and radially unbounded function in terms of the states of the reference model error described by (31), (33), (38) and (39), as well as of the adaptation laws in (40)-(42).
To assure that the tracking error between the reference model and the actual model, which is expressed byq, is a bounded signal, is required that V in (49) to be a decreasing function, that is, the time derivativeV to be negative semidefinite.
By performing all the suitable substitutions and conducting the algebra, the time derivative of the function (49) is given bẏ
Expressing (50) in a matrix form we havė
Since (51) is a quadratic form, by proving that P = P T in (53) is a positive definite matrix, we assure thatV is a negative semi-definite function. We can prove this fact by using Sylvester's criterion to determine conditions to assure that P is positive definite. Then, it can be shown that by selecting sufficiently large values for k p and k 0 , as well as a sufficiently small value for α, there exist conditions for P to be a positive definite matrix. Finally, it is possible to invoke Barbalat's lemma [13] to prove that
where x(t) is defined in (52). Hence, the tracking error between the reference model and the real modelq(t) tends to zero as time t increases.
Controller for Desired Trajectory Tracking
Once the tracking error between the reference model and the actual modelq(t) is proven to be convergent, we propose a control signal v(t) in order to track a desired trajectory q d (t). With this aim, the tracking error signals are defined as
and the control signal v is proposed as
Proceeding to obtain the closed-loop equations in terms of δ in (55) and e in (56), we substitute (59) into (55), where solving for i r we obtain
Solving (10) forq r and substituting into the second time derivative of the tracking error in (56), one obtains
Substituting (60) into (61) and after some simplifications, we obtain the tracking error dynamics of the mechanical part as followsĴë
Similarly, to obtain the closed-loop equation for the electrical part in terms of the tracking error δ, we calculate the time derivative of (55) and multiplying byL, this yieldŝ
Solving (11) for d dt i r , substituting into (63) and performing the algebra, we obtain the error dynamics of the electrical part as followŝ
The system formed by the equations (62) and (64) is linear and time-invariant. It can be demonstrated that if J(t),f v (t),L(t),R(t) andK B (t) are strictly positives for all t ≥ 0, we have that
with exponential rate of convergence. It is noteworthy that the limits (54) and (65) imply that the control goal in (9) is satisfied.
Projectors
Due to the disposition of the parametersĴ andL in the controller equations, it is indispensable that their values never be equal to zero, for this could cause singularities in the solution of the differential equation system in (10)- (11) . In order to address this problem, we use projectors. This tool is presented in [13] , and helps to avoid the zero-crossing during the estimation of the parametersĴ andL. Then, we have from the time derivative of V in (49)
should be satisfied. Thus, it is possible to determine the necessary conditions to apply in the solution ofθ mr1 (t) = J(t) to maintain this parameter in the desired range of values. Hence, from (66) we obtaiṅ
where a j > 0 is the lower bound ofθ mr1 , which ensures thatθ mr1 > 0 is satisfied.
Analogously, we obtain the conditions to apply in the solution ofθ er1 (t) =L(t), as followṡ
where a l > 0 is the lower bound ofθ er1 , which ensures thatθ er1 > 0 is satisfied.
It is important to note that using (67) and (68) the convergence analysis presented in section 5.3 is not affected.
Experimental Results
We used a brushed DC motor from Advanced Motion Controls model MBR2303NI (Nema 34 brushed direct current motor), mounted on an aluminum plate and a pendular load attached to the shaft. See Figure 2 for a picture of the experimental platform. Figure 3 shows a diagram of the overall experimental platform, which is available in the control systems laboratory at IPN-CITEDI.
The desired trajectory was selected as
The selected control gains and adaptation gains are shown in Tables 1 and 2 , respectively. The tuning process was carried out in an experimental form, starting with sufficiently small values. Then, each gain was increased looking for an improvement of the trajectory tracking performance. The lower bounds for the projectors in (67) and (68) were selected as a j = 0.01 and a l = 0.001, respectively. The following shows the obtained experimental results. Figure 4 depicts the comparative between the position of the real model q(t), the position of the reference model q r (t) and the desired position q d (t). In Figure 5 , the comparative of the current signals i(t), i r (t) and i d (t) can be seen. Furthermore, in Figure 6 the time evolution of the estimated parametersĴ(t),F v (t) andN (t) of the mechanical part are shown. Similarly, in Figure 7 the time evolution of the estimated parametersL(t),R(t) andK B (t) of the electrical part are shown. Finally, Figure 8 depicts the time evolution of the estimated parametersL u (t) and R u (t), which are used in the control signal u(t) in (28).
With the aim of complementing the experimental results shown above, we present the experiments for a time window of 15 ≤ t ≤ 20 [s], where the exponential convergence rate of the signalsq(t),q(t) andī(t) can be seen in detail. Figure 9 depicts the comparative between the position of the real model q(t), the position of the reference model q r (t), and the desired position q d (t). In Figure 10 , the comparative of the current signals i(t), i r (t) and i d (t), [rad] Figure 4 . Tracking of the desired position.
can be seen. As we can see, the error between the different signals is small and decreasing, which confirms that the proposed controller in equations (10)- (11), (28), (40)- (42), and (57) is experimentally viable. Table 3 presents a comparative of the maximum errors obtained during the experiments for 15 ≤ t ≤ 20 [s]. Specifically, we compute max{|q d (t) − q(t)|} and max{|i d (t) − i(t)|} for the mentioned time interval. As can be seen, the signal |q d (t) − q(t)| is relatively small. However, the signal |i d (t) − i(t)| is large because of the noisy current measurement i(t). The Table 3 also shows the maximum percentage of variation for the position and current tracking errors which was computed as
and
respectively, for 15 ≤ t ≤ 20 [s]. Figure 10 . Tracking of the desired current for 15 ≤ t ≤ 20.
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